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Time-Optimal Control of Gravity-Gradient
Satellites with Disturbances

FRANZ C. ZACH*
NASA Goddard Space Flight Center, Greenbelt, Md.

Attitude control of spacecraft with coarse stabilization by the gravity-gradient technique
plus active libration damping for precise pointing represents a promising approach for ad-
vanced experiments, e.g., laser communications. This paper deals with the time optimal
control (acquisition of precise pointing) for this case. A near optimal control law for the
general Gravity-Gradient Satellite (GGS) is obtained by making two approximations: 1)
the general GGS is approximated by a Dumbbell Satellite (DS) and 2) a small-angle approx-
imation. The optimal control law for this case is calculated and then applied to two rep-
resentative examples of a synchronous GGS. The Maximum Principle is used and is ex-
tended to cover operating conditions with disturbances. It is shown that disturbances
change the optimal control law significantly, a result that is very important for practical
applications of the Maximum Principle.

Nomencl ature f

aa,a<t>,at = gravity-gradient coefficient for pitch, roll, and yaw,
respectively

(7; = linear viscous damping coefficient of the damper rod
Cz = linear spring coefficient of the damper rod
di = reduced disturbance torque (= Tai/Ia), i — x,y,z
DS = Dumbbell Satellite
GG = Gravity Gradient; GGS = Gravity Gradient Satellite
11^ = inertial angular momentum of the main body of the

spacecraft, measured in body-fixed coordinates,
i = x,y,z

11 = moment of inertia of the damper rod about its axis of
rotation

[/] = inertia tensor of the main spacecraft body
r = distance from the center of the Earth to the c.m. of

the spacecraft
t — time
TCi,Tdi = control and disturbance torques, respectively, i =

x,y,z
m = reduced control torques (= Tct/Ia), i = x,y,z
v = inertial velocity of the spacecraft
#0,2/0,20 = attitude reference system (x0 has the direction from

the center of the earth to the c.m. of the spacecraft,
i/o lies normal to XQ and in the orbital plane such
that the component of v in the y0 direction is greater
than zero, z0 is perpendicular to the orbit plane)

— coordinate system fixed to the main body of the
spacecraft (xb — yaw axis, yb — roll axis, Zb — pitch
axis)

= coordinate system fixed to the damper rod
a. — pitch angle; <xs = set value of a
n = Earth gravitational constant
£<6 = orbital angular rate, i.e., rotation of the £o,2/o,2o

system in inertial space, measured in the z&,y&,2&
system, i = x,y,z

Pi,p2 = angles of the damper rod relative to the body-fixed
coordinate system

T = time consumed for damping of initial librations
<j> = roll angle; 0S = set value of -<f>
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t All coordinate systems are centered at the center of mass
(c.m.) of the spacecraft and are right-handed.

^ = yaw angle
£2i& = inertial angular velocity of the main body of the

spacecraft, measured in the z&,2/&,2&-system, i =
x,y,z

wo = orbital angular rate for a circular orbit [ = (ju/V3)1/2]

Introduction

THE development of control policies for precise pointing
of spacecraft is needed for advanced experiments, e.g.,

laser communications. The Gravity Gradient (GG) tech-
nique1-2 offers a good approach for long-term, coarse stabi-
lization of a spacecraft. However, the over-all optimal
control policy must meet two basic objectives: 1) acquisition
of the precision pointing mode in minimum time starting
from a coarse GG mode (generally in the presence of dis-
turbances and 2) extended term precision pointing by counter-
action of disturbance torques. This paper treats only the
acquisition requirement. The optimal control law as de-
veloped herein is applied to two representative examples
of a synchronous equatorial (24-hr) Earth satellite using
small (micropound thrust) reaction jet devices for active
libration damping. Use of ion engines as the thrusters
would require special consideration of control actuations,
because ion engines cannot be turned on and off readily.
One possibility is to combine libration damping with orbit
corrections; another is to provide a balanced couple which
cancels out the orbital effects. The use of resistojets3

has already been studied as a means of optimal large angle
maneuvering. Pulsed plasma systems appear to offer
promise for use in both acquisition and holding modes due to
their precision impulse bit capability and relatively high
specific impulse. It is assumed that a minimum of six
thrust directions is provided on the spacecraft to provide
control in pitch, roll, and yaw axes.

Efforts have been made in the literature to apply optimal
control concepts to spacecraft. In Ref. 3, time and fuel
optimal control policies are derived and investigated for the
case of active 3 axes attitude control of synchronous com-
munication satellites by means of microthrusters. Reference
7 treats active time optimal angular velocity control of spin-
ning space bodies. In Ref. 8, an approximate solution for the
fuel optimal control of a DS is derived. In the work pre-
sented here a time optimal attitude control procedure is
proposed which combines active control by means of micro-
thrusters with the passive GG concept.
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The procedure used to develop these control laws is as
follows: 1) the general rotational equations of motion for a
GGS with rigid structure including a single-degree-of-freedom
damper rod are formulated; 2) assuming small attitude
librations and the pitch moment of inertia approximately
equal to the sum of the two other principal moments of
inertia, J these equations are linearized for the case of a
symmetric, undamped satellite ( = DS) configuration in a
circular equatorial orbit; and 3) the optimal control la\vs are
developed for this DS. To check the validity of these control
laws for a more general synchronous GGS, the control laws
are applied to the simulation of the complete GGS.

Equations of Motion for a GGS

The equations of motion of a GGS with rigid structure and
a single-degree-of-freedom damper rod (Fig. 1) are1

(1)vw \w
where
dxb = Mxb 4- Mxd sinp2 + Mzd cosp2 — (£lybHzb —

ttzbHyb) - P cosp2 4- Tcx 4- Tax (2)

dyb = Myb 4- Mxd cosp2 cospi 4- MSD sinpi — MZd sinp2 X

cospl + Tey+ Tdy (3)

dzb = MZb + Mxd cosp2 sinpi — MSD cospi —
Mzd sinp2 sin pi — (£lxbHyb — QybHXb) +

P sinpz ship! + Tcz + Tdz (4)

The torques Mib and Mid caused by the GG effect are: for
the main body of the spacecraft

a2
2)]/r3 (5)

Mzb = -
- a3

2) + / ̂ a^l/r3 (6)
aS - aS) +
IxzOM* — Iyzdids]/r* (7)

and for the damper rod

Mxd = 0, Myd = -3,u//Wr3 (8)
M,d = 3/J&&3A8 (9)

P and MSD used in Eqs. (2-4) are given by
P = IiQxd(Qyd - p2) (10)
MSD = Cip2 + C2p2 (11)

where the latter term is the restoring torque exerted on the
damper rod by the spring-damper mechanism. P is used
for abbreviation purposes.

The di(i = 1,2,3) and bi(i = 1,2,3) used in Eqs. (5-9),
which give the relations of the GG torque to the angular
positions, are

di = coso: cos0 (12)

a2 = cosa sin<£ sin\f/ + sina cos^ (13)

a3 = — cosa: sin</> cosi/' + sina sin^ (14)

bi = a\ sinp2 + a2 cosp2 cospi + a3 cosp2 sinpi (15)
62 = — a2 sinpi + a3 cospi (16)

b-s — a\ cosp2 — a2 sinp2 cospi — a3 sinp2 sinpi (17)

DAMPER ROD

(ROTATIONAL AXIS
OF DAMPER ROD)

gg-GRAVITY GRADIENT BOOM

Fig. 1 GGS Xb and y& lie in the plane of the four booms and
together with z^ establish a right-handed coordinate sys-
tem fixed to the main body of the spacecraft; Xd->yd^d
establish a right-handed coordinate system fixed to the

damper rod.

The equation of motion for the damper rod is

p2 = — yb sinpi cospi —
(Myd + M8D)/Ii (18)

Integration of Eqs. (1) and (18) furnishes 12x6, Qvb, 12Z&, and p2.
The pitch, roll, and yaw angles, which are the Euler angles

between the body-fixed and the attitude reference system,
will be used throughout this report. The Euler angle rates
can be obtained by subtracting %,, the rate at which the
attitude reference system rotates relative to the inertial
system, from £2&. This gives

a = (cose/))"1 [(12y6 - + (026 - f,6) cos^] (19)

+ (i2,6 - S.6) sin^ (20)
and

\f/ = Ox& — £*6 — a. sincjf) (21)

A digital computer program was written1 for the calculation
of a, <£, \l/, and p2 according to Eqs. (1-21). This program
also includes elastic collision processes of the damper rod
against its stops, which limits the rotation of the damper
rod in the Xd — zd plane.

Approximation of GGS by a DS

For a DS, it will be assumed that no damper rod exists
and that

Equations (1-4) now yield:

IxAb = (lyy ~ Lzlttybttzb + Tcx + T dx + M xb (23)

Iyytoyb = (/„ - IXX)$lzbttxb + TCy + Tdy + Myb (24)

I A = (I*, - Iyy)Qxbtoyb + Tcz + Tdz + Mzb (25)
Equations (5-9) become

Mxb = -3/i(/yy - /,2)a2a3/r3 (26)

Myb = -ML. - Ixx)aias/r* (27)
Mzb = -3»(IXX - Iyv)a,aojr* (28)

Mxd = Myd = Mzd = 0 (29)

For small angles Eqs. (23-29) can be approximated4 by

Tdx?
coo</> =

(30)
T — T T — T — T> i zz J- xx . . J- zz -L xx J- y

This assumption is valid, e.g., for the ATS-D/E spacecraft.9 (31)
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Fig. 2 Switching lines S_3, S_2, S_i, S0? Si, S2, with a tra-
jectory starting from (xw, JC2o/«a1/2)- The switching points

for the particular example illustrated are PI, F2, and Pa.

and

" (32)

where co0
2 = ju/r3 ~ £z6

2 and £x& ~ £y& ~ 0 for a nearly
circular equatorial orbit. The sign on the right side of
Eq. (31) is changed with respect to Eq. (24); this means
that torques about the y axis are considered negative. This
approach leads to a more convenient form for the derivation
of the following optimal control concepts.

It is now assumed that
7" — T -L TJ- zz '""' J- yy \ J- x

Thus Eqs. (30-32) become

0

a

(33)

(34)

(35)

(36)

where

= «0
2(/« - Iyy)/Ixx, at = 4co0

2(/zz — /**)//»» (37)

M* = (Tex/Ixx), U* = (Tcy/Iyy), ua =

= (Tdx/Ixx), d* = (Tdy/Iyy) and d« =

(38)

(39)

(40)

When d>f, =: d<f> = da = Q and i^, ^, ^a are constant, Eqs.
(34-36) give ellipses for each of the phase plane plots (^,^),
(0,0) or (a,d), respectively. Simulations of the GGS under
the same conditions result in ellipses for the phase plane
trajectories for angles up to 10°. This shows that results
for the DS are applicable to the more general problem of the
GGS. In order to apply available optimal control laws, the
phase planes [^/(a,)1"], [«,<£/(«*) 1/2] and [<*,&/ (a J«*]
are considered. The phase plots in these planes are circles
for which optimal control laws given in Refs. 5, 7, and 10
are applicable.

Optimal Control for the DS

Equations (34-36) give a set of decoupled equations for
pitch, yaw, and roll angles of a DS. These equations make
the derivation of an optimal control law for nulling a,d,
0,0, j^ and \// using Pontryagin's Maximum Principle im-
mediate. It is assumed that the reduced control torques
u^Ufr and u^ are bounded in magnitude, i.e.,

(41)

Optimal Control Laws for Pitch (a) with No
Disturbance Torques

The Maximum Principle5-7'10 shows that for linear systems
of order n with bounded control inputs the following pro-
cedure leads to the time optimal solution: a) The mathe-
matical model of the system has to be written in the form of
first-order linear differential equations

Xi = /;(x,u) (42)

where x is the vector of the state variables (xi. . . xn) and u
is the vector of the control variables (HI . . . un). b) The
Hamilton! an

H = (43)

has to be maximized where pi . . . pn are auxilliary variables
given by

(44)

(45)

dpt/dt = -ZH/ttati = 1,2 ... n)
and, from Eqs. (42) and (43)

dxi/dt = d#/dpi(i = 1,2, ... n)
In our case

* - H - H
1 - ft] - [-«, + J

when da = 0. Equation (43) yields
H = piXt + pz(-aaxi + ua)

which is maximized by

ua = &«sgn[p2]
Equation (44) leads to

Pi = aap2, P2 = — pi
Solving (50) gives

Pi = -AaJ* cos(a«1/2£ - <p)
p2 = A sm(aa

llH - <p)

STATE (x j , x2 )

<«>
<«>
(48)

(49)

(50)

(51)
(52)

a = a0, a<p OR a^ RESPECTIVELY
k = k0, k<p OR k^, RESPECTIVELY
I NT (x) = INTEGER OF THE NUMBER x

Fig. 3 Simplified flowchart for trajectories with optimal
control according to Fig. 2 for GG coefficients aQ9 a<j>9 a$ 7*- 0

and pointing to x\ = x2 = 0.
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where A and <p are integration constants. Substituting Eq.
(51) into Eq. (49) leads to the following solution of Eq. (47) :

STATE ( M

Xi(t) =F

and

where

and

a"1) COSaa
1/2£ +

= -(XIQ =F kaaa-1)

(53)

(54)

= 0)

= 0) = fc(« = 0)

It can be seen that xi(t) and Xz(t)aa~1/2 form a circle whose
center in the x\(t) — Xz(t)aa"112 plane lies at x = ka/aa for
ua = &a> and at x = —ka/aa for ̂ a = —&<*.

Now the techniques found in Refs. 5, 7, and 10 can readily
be applied. These lead to the known switching circles
depicted in Fig. 2. This figure also includes an example of
an optimal trajectory starting at XIQ = a(t = 0) and #20 =
a(t = 0).

Optimal Control Laws for Roll (</>) and Yaw ($) with
No Disturbance Torques

When Eqs. (34-36) are compared, no difference in their
form is noted as long as a^ ^ 0,a^ ^ 0, and aa ^ 0. This is
valid for a spacecraft with different principal moments of
inertia. Therefore, for this case the same optimal control
law can be applied to roll and yaw as is derived for pitch;
this is obtained by substituting (aa,ka) by (a^k^) or (at,k#),
respectively. However, another control law must be derived
when two or three of the principle moments of inertia are
equal. This will be done in the next section for yaw, when
lyy ~ !**•

The flow chart of a digital program for the control laws
developed is given in Fig. 3. In this program a deadband is
defined as

with a,- = aa,

8 = [zi2 + S22/fl.-]1/2

, respectively.

(55)

Optimal Control Law for Yaw G/0 for Iyy — \zz with
No Disturbance Torques

For a symmetrical spacecraft Iyy = Izz ^> Ixx and hence
df becomes 0. For this case another optimal control law
must be derived for yaw (\l/): let

Xi — \£i,#2 = 1̂ 1 (56)

x10,x20

Fig. 4 Switching lines S+ and S_ for optimal control of xi —
i// and x2 = $ in the case of a^ = 0. Two examples of optimal
trajectories are shown with switching points P and P',
respectively. S+ is given by x2 = — (2fc^|^|)1/2 S_ by x% =

Fig. 5 Simplified
flowchart for opti-
mal control of yaw
(if/) for cty = 0 using
the scheme pre-
sented in Fig. 4.
Similar explana-
tions hold as for Fig.

3.

then (34) becomes

(57)

Using Eqs. (43) and (56), the Hamiltonian becomes H
+ Pzuj,, which is maximized by

Applying Eq. (44),

pi =

which results in

Pl = B,pz = -Bt + C

From Eqs. (57) and (59) one obtains

xi = k* (t2/2) sgn(C - Bt) +Dt
x, = k+t sgn(C - Bt) + D

(58)

(59)

(60)
(61)

Thus, all trajectories are parabolas. From Eq. (59) it is
evident, that p<> can change sign at the most once. There-
fore, the complete optimal trajectory from a given initial
condition in the Xi — x? plane consists of one or two segments
of a parabola, where the second parabola leads to the origin.
It is evident, that the parabolas leading to the origin are
also the switching lines (Fig. 4 and Refs. 5 and 6).

For initial conditions with #2o = 0 the time needed to
reach the origin can be calculated to be r = 2(xi0/^^)1/2.

Figure 5 shows the flow chart for a digital computer pro-
gram implementing this control law.

Stabilization to an Arbitrary Attitude

The foregoing optimal control laws lead a,a, <£,<£,;/', and
\l/ to the origin. We will now consider stabilization or
control to specified (set) values as,<j>s,\l/s ^ 0 and to a. =
0 = ^ = 0. Considering Eqs. (34-36) with a^a^a^ ^ 0
the following new equations can be written, which contain an
additional control term to balance the GG torque at the set
value :

$ + a*} = ±k+ + a+ts (62)
4> + a^<t) = ±&0 + a^<t)s (63)
a + aaa = ±ka + daas (64)

But Eqs. (62-64) also can be written as

f, $1

where \f/i = \l/ — i^s,<£i = 4> ~~ $« and oil = a — as. There-
fore, Eqs. (42-54) can be applied as before, now leading
^i,0i, and ai to 0 and therefore, \£,<£, and a to the desired
setpoints. As in Fig. 2 switching lines and optimal trajectories
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Fig. 6 Switching lines for optimal control of a, <£, or •$/ in
the case of a0, a</>, or at -^ 0, respectively, and in the pres-
ence of a constant disturbance torque, xi = a, <f> or t//, x%
= a, 0 or if/9 k = fea, fe^ or Jty, a = aa, a^ or a^ and </ = c/a,

d</, or cfyj respectively.

can be constructed. They will appear shifted in direction
of the Xi axis when compared with Fig. 2 in order to lead to
the set-points. A similar approach is valid for yaw (\f/)
when 0,4, = 0. The switching lines of Fig. 4 must be shifted
so that they lead to \f/s.

Consideration of Disturbances

Two types of disturbances which should be considered are a
constant bias torque and a disturbance torque with a 24-hr
period. The former can be caused by misalignments of
station-keeping thrusters; the latter, by solar pressure
acting on the synchronous spacecraft. First a constant
disturbance torque will be considered. In Eq. (36), da is
the constant disturbance torque divided by Izz. There
are two approaches to solve this problem. First da could be
measured by observing the shift of the trajectories and then
counteracted by a control torque of the same magnitude.
The total reduced control torque would be

— da (65)
This would lead to the same switching lines for optimal
control as in Fig. 2. However, practical hardware con-
siderations show that control torques according to Eq.
(65) are much more difficult to implement than control
torques of the form ua = ±ka. Therefore, a modification
of the switching lines of Fig. 2 is found as follows: From
Eq. (36) one proceeds as was done for Eqs. (42-54):

xi = x2,x2 = —aaxi + ua + da (66)
and

H = pixi + P'i(-oaxl + ua + da) (67)
which again results in condition (49). Replacing ±/c«
by ±/ca + da in Eqs. (53) and (54) shows that all trajectories
are shifted by da/aa in the direction of the x\ axis and that

the radii change. Similar considerations which led to
Fig. 2 give Fig. 6 for the optimal switching lines.

Similar considerations hold for optimal control of \l/
when a^ = 0. We only have to replace ±k+ by ±k+ + d*
in Eqs. (60) and (61). The equations for the switching lines
read now

and
0

0

(68)

(69)
It is obvious that the preceding calculations are valid only
for ki > di for i = a^^.

For slowly changing disturbances optimal control could be
implemented by changing the switching lines according to
Fig. 6 and according to the present value of di. The inter-
actions of changing disturbances and changing of switching-
lines bring up serious problems of identification of disturbances
and problems of stability, which are presently under in-
vestigation. Two approaches to optimal control while the
disturbance torque is varying are shown in Fig. 7. It is
assumed that the optimal trajectory starts without distur-
bance at £io,£2o/V/2 and reaches $+§ and PI and follows S+
(after switching control from —k to +k) until a disturbance
d occurs at the instant the state is at P2. The trajectory
now changes from that of S+ to Sd+, where Sd+ depends upon
the disturbance. The Sd+ trajectories are circles with their
origin shifted by d/a in direction of x. Two procedures now
exist: a) retention of +k at P2, thereby following trajectory
Rd+ to PS and there switching to —k. When Sd+ is reached
at P4, control is switched back to +k and Sd+ followed to the
origin, or b) after occurrence of the disturbance d at P2,
control is switched immediately to — fc, until Sd+ is reached
at PS'. iSd+ then is followed to the origin by changing the
control back to +k.

However, for the further investigations of the optimal
control law in this paper it is assumed that |7V « k for all
three axes. Thus, it is not necessary to apply the refined
control law given in Figs. 6 and 7. The approach to the
origin in presence of small disturbances can be seen from Fig.
8.

The positive x\ axis may serve as an additional switching
line when the trajectory intersects from the negative x2
direction. The negative x\ axis forms the additional switch-
ing line in the case when the trajectory intersects coming from
positive £2 values. A more sophisticated control law in the
presence of disturbances is suggested for future work in this
area as follows: in order to guarantee stability (i.e., the
distance from the set point shall be decreased at every
instant of time) switching from + k to — k or vice versa shall
also be implemented when the distance from the set point
starts to increase.

Fig. 7 Optimal trajectories under the influence of chang-
ing disturbances. The optimal trajectory starts at
(#io?#2o a~1/2) without disturbance. A disturbance d occurs
when the state is at P2. The switching lines S+ and S_ are
then replaced by Sd+ and Sd_, respectively. Two possible
control procedures that lead the state to the origin are a)
a policy that yields the path P2, P3, P4? origin, or b) a policy
that yields the path P2? P3', P4, origin. For fe, a, d, XL, and

#2 see Fig. 6.

a) d< 0 b) d>0

Fig. 8 Trajectories in the presence of small disturbances
with switching lines as in Fig. 2; Pi—switching points.

For /c, a, d, x\, and #2 see Fig. 6.

§ S+, replaces So, S- replaces S-i used earlier.
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Fig. 9 Comparison of time con-
sumed (r) for damping of do or <£o to

0°. d0 = 4>o = iA> = 0.

GGS 1 - GGS WITH TWO PRINCIPAL MOMENTS OF INERTIA EQUAL
GGS 2 - GGS WITH ALL PRINCIPAL MOMENTS OF INERTIA DIFFERENT
DS 1 - DUMBBELL SATELLITE WITH aj AND kj AS GGS 1
DS2 - DUMBBELL SATELLITE WITHa. AND kj AS GGS 2

Application of the DS-Optimal-Control to the GGS

Two GGS configurations are used; GGS 1 is charac-
terized by IVy = !„ » I x x and no damping mechanism, and
GGS 2 is characterized by the moments of inertia of the
ATS-D satellite. For the symmetric case (GGS 1)

"1000 0 0 1
0 48000 0 slug-ft2

0 0 48000J

and Ii = 0 and
(GGS 2)

[/] =

= C2 = 0. For the unsymmetric case

0 0 1
13600 261 slug-ft2

261 16700J
h = 540 slug-ft2, pi = 53.4°, Ci = 1.322 slug-ft2 /sec and C2
4.7 X 10~2 slug-ft 2/sec2. A necessary condition for control-
lability of a GGS is that in the whole pointing region for
each axis,

> \Tg | IT, (70)

where Tc is the control torque exerted by the ion thruster,
Tgg is the restoring torque due to the GG effect for a par-
ticular set of values, and Td is the disturbance torque. To
point in a particular direction a,<£,^, a certain Tgg has to be
counteracted; this torque can be calculated by Eqs. (26-28).
Since Tgg changes only when the set values of a,<t>, and \l/
are changed and therefore, much less often than Td, counter-
action of Tgg by a control torque of the same magnitude
can be assumed. Pointing is desired to every point on the
Earth as seen from a synchronous spacecraft. Therefore,
—8.5° < a,<t> < 8.5° is valid, and a maximum Tgg in this
region for the pitch (a) — axis of the asymmetric space-
craft is given by Tggam&x = 2.5 X 10~5 ft Ib.

A disturbance torque is assumed to be caused by solar
pressure with a peak value of 10~5ft Ib. Equation (70) now
yields Tca = ±35 X 10~6ft Ib. To obtain directly com-
parable results for the other axes of GGS 2 and for all axes of
GGS 1, the same k = TC/I is chosen in every case. This
results in: T* = ±28.5 X 10-6ft Ib and Te* = ±6.6 X
10-6ft Ib for GGS 2, and Tca = TC(i> = ±10~4ft Ib and Tc* =
±2.09 X 10~6ft Ib for GGS 1.

The optimal switching lines given in Figs. 2 and 4 are
applied to all three axes simultaneously. To compare the

results obtained for a GGS with the idealized case of a DS,
the time consumed for reaching an angle of 0° after a certain
initial condition is plotted in the upper part of Fig. 9. For
ao the time consumed for a DS is calculated by applying the
optimal control law derived for the DS to the equation x +
ax = u where a = aa and u = ±Ka. Two different aa,
called aai ( = 2.08 X lO"8 see"2) and aa2 ( = 0.988 X 10~8

see"2) are used for GGS 1 and GGS 2, respectively. There-
fore, two different DS's must be used for comparison. DS 1
uses aai, whereas DS 2 uses aa2- The lower time consumed
by a GGS for higher initial conditions can be explained as
follows: the coupling of all three axes transfers some of the
energy of the pitch axis to roll and yaw axes wrhere optimal
control is also being applied. Therefore, energy is taken out
of the whole system faster than for the uncoupled case of a
DS. The region of «0 between 10° and 43° for GGS 2
shows on the other hand, that this effect is out-weighed by the
less exact approximation of an asymmetric GGS by a DS.
Therefore a slightly higher time is consumed for this region
than is predicted.

Corresponding calculations have been carried out for $0
with a^ = 2.08 X 10~8 sec"2 for GGS 1 and a^ = 2.11 X
10~8 sec~2 as well as for the corresponding DS's. The
results are given in the upper part of Fig. 9. Similar ex-
planations for the shape of the plot hold as for pitch.

3 4 5
k, 1CT8 sec'2

Fig. 10 Time consumed for changing the direction of
pointing by 0( = 6a or 00) = 2°, 6°, and 8° as a function of

the reduced torque k = TC/I.
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Fig. 11 Influence of disturbances on r for GGS 2. The
disturbances are sinusoidal with a peak value of 10~5 ft Ib, a
period of 24 hr and a phase of 0° (marked by D) or 180°
Cmarked by x) relative to the last start of control action.

A—DS.

Since the yaw angle is not significant for pointing to certain
points on the surface of the Earth, graphs for yaw are not
given here. It is mentioned, however, that for GGS 1,
consistency with predicted values is achieved, whereas for
GGS 2 some deviations from predicted values are observed.
An exact explanation of this problem would involve a dis-
cussion of the exact Eqs. (1-21) and goes beyond the scope of
this paper.

The lower part of Fig. 9 shows the influence on settling
time r of changing the initial conditions to «0 = <£o = $o ** 0
and ao = <£o = ^o — 0.

Figure 10 shows the effect on r vs k for pointing to angles
as,(f)s other than 0°. The simulations show that application
of the control law for reference values ^0 gives no difference
in T when pointing to set values as,<£s other than as = <£s =
0°. This assumes that Ba = aQ — as or 6$ = <£0 — <£s
now has the same value as <£0 or QJO, respectively, in Fig. 9.
This assumed further that the same control torque Tc is still
available and that the torque necessary to counteract the GG
torque Tgg at the set value is supplied in addition to Tc\
T is increased if Tgg is counteracted by control torque while
decreasing the torque Tc available for actual control purposes.

The case of control under the influence of a sinusoidal
disturbance torque with a 24-hr period was investigated.
The peak value of Td is assumed to be 10~5ft Ib; T is plotted
in Fig. 11 for pitch («0 ^ 0,<£0 = ^o = 0) and for roll (<£0 ^
O^o = ^o = 0), with d0 = <£o = ^o = 0 in both cases. Two

phases for the disturbance torque are chosen, the first is 0°
and the second is 180° relative to the starting point of control
application. It can be seen that for favorable phases of the
disturbance torque, there is no increase of r, but under
unfavorable circumstances T is increased by 50%. (One
can also consider cases where r could be decreased.)

Closing Remarks

It has been shown that the time-optimal control law for a
DS can be applied to a GGS as suboptimal control. The
range of consistent results obtained for the GGS and for the
DS depends on the initial conditions, on the GGS moments of
inertia and on the disturbances. For initial conditions ^0
on only one GGS axis, the DS results are good approximations
up to 80° with exact consistency up to 30° for roll and
depending on the GGS moments of inertia, up to 10°-43°
for pitch. For equal initial conditions ^0 and equal on all
three GGS axes the DS results are good approximations up to
40-50°, depending on the GGS moments of inertia. Dis-
turbances in some cases can help the control action but
generally will extend control time.
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